We perform a systematic study of several models that have been proposed for the purpose of understanding the motion of driven interfaces in disordered media. We identify two distinct universality classes. (i) One 
I. INTRODUCTION
Recently the growth of rough interfaces has witnessed an explosion of theoretical, numerical, and experimental studies, fueled by the broad interdisciplinary aspects of the subject [1 -6] . Applications can be as diverse as imbi- bition in porous media, Quid-Quid displacement, fire &ont motion, and the motion of Qux lines in superconductors [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . for the roughening [18 -26] . Here we consider in detail the eÃect of quenched disorder on the growth.
The presence of quenched disorder introduces an interesting analogy between the motion of driven i.nterfaces in disordered media and the theory of critical phenomena. The continual motion of the interface requires the application of a driving force E. There exists a critical force E, such that for E ( E" the interface will become pinned by the disorder after some finite time. For E & E, the interface moves indefinitely with an average velocity v(E). This suggests that the motion of driven rough interfaces in disordered media can be studied as a phase transition, which we shall call the depinning tran8ition. The velocity of the interface e plays the role of the order parameter, since as E~E+, v vanishes as We call 8 the velocity exponent and f = -(E -E,)iE the reduced force (Fig. 1 ).
For E~E+, large but finite regions of the interface are pinned by the disorder. At the transition, the characteristic length $ of these pinned regions diverges as (1.2) 1063-651X/95/52(4)/4087 (18) In the "pinned phase"
F ( F"the velocity of the interface is zero. In the "moving phase" F ) F, the interface moves with an average velocity v-: v(F), where v(F) (F -F, ) for F close to F, and v(F) F for F )) F Thus t. he velocity plays the role of the order parameter of the transition.
II. SCALING PROPERTIES AND CRITICAL EXPONENTS
An interface moving in a disordered medium becomes rough due to the action of the disorder. This roughening process can be quantified by studying the global interface width where v is the correlation length exponent.
The added phenomenological richness introduced by the quenched disorder leads to an increased difBculty. In fact, the problem of identifying the universality classes for interface roughening in the presence of quenched disorder-and determining the corresponding sets of critical exponents has so far remain unsolved. Experimental and numerical measurements of some of the critical exponents vary considerably, and the question of the existence of universality classes bas been raised [7 -17,27 -47] . The problem is made more complex by the disagreement of most experimentally measured values with analytical calculations [48 -50] .
In this paper, we address the question of why the same exponents vary in value for diferent systems. We study several numerical models introduced to study interface roughening in the presence of quenched disorder and identify two universality classes. We show that one of those universality classes can be identified with the case studied analytically.
The exponents for the other universality class cannot be determined Rom renormalization groups calculations. However, mappings to directed percolation (DP) and isotropic percolation allow us to estimate most scaling exponents.
The identification of the universality classes and the calculation of the respective scaling exponents at the depinning transition enable us to understand the results for most of the models proposed and for some of the experiments. We 
where L is the system size, the overbar denotes a spatial average, and the angular brackets denote an average over realizations of the disorder. The study of discrete models [18 -21] and continuum growth equations [22, 23] [8] .
(iii) Horvath et al. performed similar fluid-Huid displacement experiment, obtaining n = 0.81 [9] .
(iv) Buldyrev et al. studied the imbibition of coffee in paper towels observing n = 0.63 for the pinned interface [12, 13, 16, 17] . Similar experiments were performed by Buldyrev et al. for 2+ 1 dimensions leading to o, 0.52 [14] (v) He (Fig. 2 ).
This exponent "scaling law" can also be derived in a difFerent way [49, 50] [7] .
(ii) Rubio et aL measured n for Huid-Huid displace-
The most commonly measured exponent in experiments and simulations is the roughness exponent n.
In [8 -10] (a range of values is reported of which the extremes are plotted), [12 -17,11] . The simulation points are, reading from left to right, from Refs. [17] (a range of values is reported of which the extremes are plotted) and [29,12 -17,32,31,34,33,40,27,28,45,46] . Finally, the theoretical points, again reading from left to right, are from Refs. [48] and [49] . [29] . They reported values of n that vary with the driving force, i.e. , with the velocity of the interface. For low velocities they found n 1 and for large velocities a = 0.5 [29] . Fiirthermore, they found a decrease of the total width with the velocity of the interface. Similar results were obtained earlier by Koplik and Levine [30] .
(iii) Buldyrev et al. introduced a discrete model to explain their imbibition experiments [12, 13, 17] . They found that in 1 + 1 dimensions the scaling behavior of the pinned interface can be obtained exactly by mapping the interface onto DP. In higher dimensions they found that the interface can be mapped onto a directed surface (DS) [14] . In 1+1 dimensions, DP and the DS are equivalent, so this model is referred to as directed percolation de@inning (DPD) model [14, 17] .
(iv) A similar model was introduced independently by Tang and Leschhorn [33] . For the DPD class of models, it was observed that o. = 0.63 for the pinned interface [12, 13, 33] .
(v) Parisi also introduced a model for interface roughening; however, no measurement was made of the roughness exponent [31] . Several The numerical integration of (3.3) for the moving phase [41] yielded exponents in agreement with the calculations for the models in the DPD universality class.
IV. THE DEPINNINC TRANSITION
A. Looking Fig. 3(a) . For a fixed force f, we find that the interface velocity depends on the tilt m, indicating the existence of nonlinear terms. Near the depinning transition (f -+ 0), the velocity curves become "steeper" and, from (4.4), we infer that A is coupled to the external force and that it increases as f~0 .
To measure A, we first attempt to fit a parabola to the tilt-dependent velocities in the vicinity of zero tilt. The calculations indicate that as we approach the depinning transition, A diverges as [42] h(x, t)~y(x, t) -= h(x, t)+mx, So it follows that the average velocity of the interface changes with the tilt as [52] However, in the vicinity of F, the velocity curves lose [52] . For discrete models the tilt can be easily implemented introducing helicoidal boundary conditions. We begin by applying the method described above to the model introduced by Tang and I eschhorn [33] . In 1+ 1 dimensions, the interface becomes pinned by a DP cluster [13, 33] [53] .
If the difference in height to the lowest neighbor is larger than +1, this lowest neighboring column grows by one unit. Otherwise, the chosen column grows one unit provided the noise on the site above the interface is smaller than the driving force E. The unit time is defined to be L growth attempts.
We measure the velocity of the interface for different (Table I) . where g(x)~c onst for x (( 1 and g(x) x /& +&) for x )) 1 [54] . Figure 3 shows the data collapse we obtain using (4.8), with the exponents for 1+ 1 dimensions. Below we will show that an entire class of models produces similar results, which will allow us to group them into a single universality class.
FIG. 4 . Here we exemplify the "noncrossing" efFect on the velocity parabolas. We show a perfect parabolic behavior for two different forces fi ) fz (dashed. lines) as predicted by Eq. (4.3). Also shown is the "curving back" of the velocity curve for the smaller force f2 (solid line), which is necessary in order not to cross the velocity curve for fi.
(4.5) into (4.4), we find [42] v(m f) oc f +af~m Equations (4.6) and (4.7) motivate the scaling forzn for the velocities [42] v(m, f) -f g(m'/f +~), (4 8) Equation (4.6) indicates that the velocity curves corresponding to two diferent forces fi and f2, with fi ) f2, will intersect at a tilt m&& (see Fig. 4 ). For larger than the driving force, the cell is labeled "blocked;" otherwise it is labeled "unblocked. " Thus a cell is blocked with a probability p = 1 -E.
Since the model was developed to study imbibition, we will refer to the growing, invading, region as "wet" and to the invaded region as "dry. " At time t = 0, we wet all cells in the bottom row of the lattice. Then we select a column at random [53] and wet all dry unblocked cells in that column that are nearest neighbors to a wet cell. To obtain a single-valued interface, we impose the auxiliary rule that all dry blocked cells below a wet cell become wet as well [55] . We refer to this rule as erosion of overhangs.
The time unit is de6ned as I growth attempts. Figure 5 shows the dependence of the velocity on the tilt for the DPD-2 model and the respective data collapse according to (4.8) , for 1+ 1 dimensions. The values of the exponents in the data collapse are [56] TAB1,E J. Exponents for the six models studied (see definitions in the text). A The meaning of A -+ oo is then the irrelevance of forward growth compared with lateral growth when we approach the depinning transition. These ideas were studied quantitatively by Makse [57] , who found that, near the depinning transition, the probability of occurrence of lateral growth vanishes much slower than the probability of occurrence of forward growth. Furthermore, Makse argued that the application of constraints to the local slopes of the interfaces, as is the case for the DPD class of models, appears to be an essential ingredient for A to diverge [57] .
C. The [34] , which we will refer to as "QEW-l, " and find that for any reduced force A = 0 (Fig. 7) .
Here the first term represents the elastic energy that tends to smooth the interface and ((i, h; [27, 28] with the predictions of (3.1). Since these models are not simple discretizations of Eq. (3.1), it is interesting to investigate the presence of any nonlinear term.
For this reason, we study the RFIM in both 1 + 1 and 2+ 1 dimensions. This model allows for overhangs, and for certain values of its parameters it can be mapped onto the isotropic percolation problem [28] . In the RFIM, spins on a square lattice interact through the Hamilto- 
+ e e e e e e e e e e e I e e e e 0.30~~~~~~~~~~~~~~~~~~a0 (Table I ).
D. Discussion
The results of Table I In trying to shed some light on the remaining problems, we observe that most of the numerical and the analytical studies focus on the "pinned phase" (I" ( F, ) while nearly all experimental results are for the "moving phase" (I" ) I" ). A logical next step is therefore to study the moving phase for models representative of each of the two universality classes [47] .
B. The DPD universality class
The Steady atate Let us start by considering the DPD universality class. In Fig. 10(a) The study of the scaling of the local width for the moving phase reveals a novel dependence of the prefactor of the width on the external force [47] . We also find that Fig. 10 .
To derive a second relation for the new exponent pM, let us consider the approach to the depinning transition for a system of size I. For a finite system, the transition does not occur for f = 0, as it would for an infinite system, but rather for an efFective critical force Ii, (L) Due to the dependence of the prefactor of the width on the driving force and since $ f, we propose the scaling ansatz [47] ui(E, f) -I " f~" g(E/() (Table II) . Although the agreeinent with the measured values is not perfect, the error bars do not rule out the validity of (5.7).
The time eeolution
(t « t"), (5.9) where t&& $' is the characteristic time for the propagation of correlations over a distance ( and rM is a new exponent that characterizes the dependence of the prefactor of the width on the driving force. In regime II, the effect of the pinned disorder becomes irrelevant compared to the annealed disorder [53] and we obtain )PA f~A (t»& ), (5.10) For the DPD universality class, we find that P changes value at the depinning transition (see Table II ). We find P~--0.63 for the pinned phase and PM = 0.75 for the moving phase [47] . We obtain for both sides of the transition n P, implyin. g that z remains unchanged at the transition. The exponent z characterizes the time scale t&& for the propagation of correlations in the interface [cf. Eq. (2.4) ]. This time scale is not expected to depend on the external force [44] . These results are in good agreement with a numerical integration of Eq. (3.3) [41] .
For the time evolution of the width, we again find an anomalous dependence of the width on the reduced for the two different scaling regimes. In regime I, where r J is a new exponent and p~i s the growth exponent corresponding to annealed disorder. In Fig. 11 we display the rescaling of our simulation results for the dependence of the global width on time and driving force according to (5.11) .
To determine a second relation for the new exponent e~, let us again consider the approach to the depinning transition for a system of size L. As discussed above, the transition occurs for an effective critical force such that L, implying f L~" t"~' . Using this result and (5.9), we obtain W tpM t~M/zX in good agreement with the simulation results K-0.11 and r J = 0.65 (Table II) .
C. The JEW' universality class
The steady state
For the study of the QEW universality class, we focus on the QEW-2 model. We observe a dependence of the local width on the system size I [47] , which can be described by the scaling function [36, 67] For the pinned phase, we have Hence the local slopes are unbounded, i.e. , they diverge with the system size. This anomalous characteristic of the QEW models is displayed in Fig. 12(a) , where we plot interfaces generated for the QEW-2 model for difFerent values of the system size. We calculate the global width as a function of L and find at the depinning transition that o. c = 1.23.
We also determine the scaling of the local width m in a window of size E, for di8'erent values of the reduced force [47] . In Fig. 13(a) we show the local width for the pinned and the moving phases. Analysis of consecutive slopes yields roughness exponents o.~0.92 for the pinned phase and n~= 0.92 for the moving phase (Table II) .
These results are in agreement with values commonly found for the QEW class of models when the roughness exponent is calculated from the local width, i.e. , o.~1 [35] . The slightly smaller value of our estimates is likely due to finite-size eÃects.
As for the DPD universality class, the study of the local width in the moving phase reveals an anomalous dependence on the reduced force, which leads to Eqs.
(5.3) and (5.4) being valid also for the QEW universality class. In Fig. 13(b) we show the data collapse of the local widths obtained using (5.3).
To determine a second relation for the new exponent pM, we again consider the approach to the depinning transition of a system of size L As before, we o.btain (5.5) for the moving phase. However, for the pinned phase, the scaling behavior (5.17), leads to At the transition, (5.5) and (5.18) must be identical.
Hence we find [47] (5.19a) ues of the reduced force and its data collapse using (5.11 yM has diferent signs for the two universality classes, leading to sharply distinct scaling behaviors for the prefactor of the width with the driving force. Since in many experiments it is possible to monitor the velocity of the interface and therefore the driving force, the study of this prefactor may also lead to an easier identification of the universality class to which the experiments belong.
In light of this discussion, the interpretation of the results of Ref. [29] is clear. The numerical integration of the EW equation with quenched disorder performed in Ref. [29] must belong to the QEW universality class and the reported exponents are effective exponents whose values were affected by the crossover to the annealed regime.
The determination of the universality class of the FIM of Refs. [27, 28] is not trivial. However, we note that v is identical for the FIM and for the Hamiltonian model. On the other hand, the value of n measured in Refs. [27, 28] is somewhat smaller than the value obtained for the QEW model using the local width.
Regarding the Quid-fluid displacement experiments of Refs. [7 - 10], we find that they share several scaling properties with the Hamiltonian model. We 6rst notice that the range of roughness exponents measured in the experiments of Refs. [7 -10] is consistent with the values that could be obtained with the Hamiltonian model. Moreover, Rubio et al. [7 -10] to the static exponent d;"of isotronic percolation [44] APPENDIX B: THE DPD-3 MODEL
In this appendix we discuss the model introduced by Parisi to study interface roughening in the presence of quenched disorder [31] . We show that the original growth rule leads to an unphysical behavior. We then proceed to describe the model proposed by Amaral that solves the problems with the original model [32] .
Let The time evolution of this model leads to the development of huge jumps in the height of neighboring columns that propagate along the system. For small enough values of p, only one or two such growing regions will be propagating in the system. The reason for such "unnatural" behavior of the model is the growth rule (82). The fact that the advancing column grows to an higher value than the highest neighbor is a kind of "bootstrap" that is difBcult to justify. In fact, it does not seem reasonable that any growth mechanism. would pull a lower column to an height larger than that of its neighbors.
For this reason, Amaral proposed an alternative growth rule to replace (B2) h(i, t+ 1) = h(i, t) + l.
In this way, the invading region only advances one cell at a time, thus avoiding the formation of large jumps between neighboring columns [32] .
The study of this model, which we will refer to as DPD-3, leads to the result that a critical value of the controlling parameter exists p = 0.196 + 0.002. Below this threshold. the interface stops moving after some finite time and above it it moves indefinitely. To determine some of the scaling exponents, we applied. the grad. ient method, intraduced by Sapaval et al. [71] and already used in the study of the DPD-2 model [16, 17] and in several other studies [72 -74] . 
where f is an universal scaling function that satisfies f(x (( 1) const and f(x )) 1) x . Figure 15(a) shows the width w as a function of the size E for different values of the concentration gradient g. Figure 15 (b)
shows the data collapse of these results according to (B4). 
Since we know that [16] a. '= v~/v~[, '7 = v~/(1 + p~),
we obtain vz --1. 0 + 0.1, vll 1g6 6 0.1,
in agreement with the known results for DP [72] .
with the concentration rate and is characterized by an exponent p according to
